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Abstract

Nonlinear evolution equation for Alfv6n  waves, propagating in streaming plasmas with
nonuniform densities and inhomogeneous  rnag[letic fielcls, is obtained by using reduc-
tive perturbation technique. Numerical solution of this equation, which is a modified
derivative nonlinear Schroclinger  (MDNLS)  equation, shows that the inhomogeneities
exhibit their presence as the dissipation. ~’he evolution, of lor~g wave length Alfv&ic
fluctuations, shows that the wave gets steepened and accelerated as it propagates
away from the sun in interplanetary medium. l]igh frequency radiations are also
observed iri our simulations. The spectral index, ill the frequency range 3 x 10-4 -
1 0-2, is found to vary from 1.6 to 2.6 }vit}l  the heliospheric distance changing from
0.5 AU to 0.9 AU. This is in very good agreement with the observed spectra for the
solar wind turbulence.

Introduction

Large amplitude Alfvdn waves have been observed in solar }vind,  planetary
bow shocks, interplanetary shocks and environmerlt  of comets (Belcher  and Ilavis,
1971; Scarf  et al., 19S6), klariner 5 data (Ilelcher  atlcl  Davis, 1971 ) showd that these
waves were propagating out ward from the sun wit h the ~vave-lengt  h rarge fronl 103

to 5 x 106 kms. The power spectra for the rr~agl~etic  field, in the frequency range
1.5 x 10-A -4 x 1 0-2 Hz, had the frequency dependerlce ranging from ~-is to ~-z2.
13avassano  et al. ( 19s2) analyzed the magnetic field data of HEL1OS 1 and 2 for the
heliocentric distances betweell 0.3 and 0.9 AU. They also found that in the frequency
range ‘2. S X 10-4 - 8.3 x 10-2 IIz the spectral index (0 ).of ttle po;vcr spectra, increases
with the heliocentric distance. Average values of o ral~gc  bet}vee[l  1.2 - ‘2.0 fcor 0.3



0.9 AU. rI’hc radial dcperlclcncc  of ct depends orl the frcquc[lcy.  ct is foutld to be
smaller for higher frcquctlcim. Recelltly Alarsch and ‘I(U (1996) studied tlleet’olution
of a using Ulysses data. ‘1’}icy  fourld that the evolution of 0 is slotvcr for the polar
flows. Moreover the data showed  }~rcak-poirlt in the frequency spectrum. According
to the clata from 111;1,10S  1 and 2 arlcl  LJlysscs,  break-poirit rrloves to lower frecluerlcy
with an increase in the heliocerltric  distance. Frorll [Jlysses  data, ‘1’.surutani  et al.
(1996) showed that the spectral inclrx harc!ly changes irl the frcquerlcy rarlge 10-’-
10-1 at high heliographic latitudes.

Nonlinear evo]utiorl  of Alfv6rl \va\’es irl ulliforrn  plasltlas is governed by Vector
Derivative Nonlirlear Schroclin,ger  (VI) N1,S) arid I)NI,S ecluatiotls  (Kenrlel et al., 19SS ;
Buti, 1990). IIacla et al, (1990) hacl  inclucled the dissipative effects lvhereas the kinetic
effects were incorporated into the evolution equation by Register (1971), hfjolhus
and Wyller  (1986,  1988), Spangler  (1989, 1990) and Meclvede\’  ancl Diamond (1996).
Medvedev et al. (1 997) showed that the inclusiorl  of heat flux moclellecl as ion- I,andau
damping in the I<inetic  Nonlinear Schrodinger  (I{ NI,S) equation leads to evolution of
A]fv&  waves into the rotational clisco]ltinuitics.  All these investigations, however, are
restricted to homogeneous systems but xnost of the plasmas, where xlonlinear  Alfv&n
waves have becrl observed, have illllo]nogerleous  clellsities  as \vell  as I[laglletic fields.
Buti  (1991) had rederivecl  the governirlg  equation for these waves ill inhornogeneous
plasmas and had shown that the il)}]ol]~ogellcities  lead to acceleration (deceleration)
of the solitary Alfvdn waves clcpellcl.illg  upon the direction of propagation vis-a-vis
the density gradients (I,akhil\a  et al., 1990). In this analysis, evcm though rio explicit
assumption about homogerlcity  of the rnag[let,ic  field was macle but, because of the slab
geolnetry  used, implicitly the field co]lsidered ~vas holnogeneous. Ir\ the present paper,
we have removed this implicit restrictioll  by incorporatirlg  the spherical geometry. I’he
evolution equation clcrived  holds goocl for arly arbitrary illhomogeneities.  A“urnerical
solution of this equation exhibits most of the observed features (the \va\’e steepening,
emission of high frquerlcy radiations etc. ) of the solar \vind.  hloreover  the predicted
power spectra have spectral indices which are in good quantitative agreement \vith
the spectral indices of the observed solar wirlcl turbulence.

F;volutioll  of NollliIlear  ..\lfv611 \Yavcs

‘1’he rlonlinear ecluatiorls  go~er[ling  Alf\i[l \va\’es propagatillg  in t h e  r a d i a l
direction are tw~fluici actuations ancl  the generalized Ohrrl’s Iaiv (Kennel et al., 19SS;
Iluti, 1990, 1991). On using these ecluatiorls  irl spherical co-ordinates ancl assunlirlg  no
variations along O and ~ direct  io[is, wc have clerived the evolution ccluation  (details
of the derivation will be repc)rted  in the cletailed  paper later). I{ ’or the cleri~’ation,
\ve have  usecl t}le  rcducti~’e  ~jerturbatiorl tllctl~ocl  and have follo~v(’d  tl~e [Jrocc’dure



Buti (1991). l’or the spherical solar wind, we obtain the following modified DNLS
equation:

(1)

where B = (f?e + i 114) , q = C* r, ~ = c [ f clr/V(r) – /], c is the stretching
parameter, r is the radial distance, U is the streaming plasnla  velocity; V is the
phase velocity of Alfv6n wave, ~(q) is the plasma ~, i.e., the ratio of kinetic pressure
to magnetic pressure and BO(r/)  is the ambient magnetic field. In Eel. (1), B is
normalized to lilo(r = rO), U and V are normalized to VAO  = I]o(r = ro)/[4npo(r =
ro)]112,  the Alfv6n  velocity, t to Qio = Q(r = r o), the ion cyclotron frequency and T
to VAO/Qio.  The equilibrium density po(r)  and the magnetic field Be(r) must satisfy
the conditions:

B()(r) 7’2 = Const (2)

and

PO(T) u(r) r2 = Const (3)

In deriving 13q. (1), we have taken the wave propagation as well as the ambient
magnetic field along the radial direction. ‘l’his equation is valid for arbitrary inhomo-
geneities.  We may note that for nol~streaming uniform plasmas i.e., for 0’ = O and

Po(r) = 1, V ~ 1 and ~4Jq. (1) reduces  to  the  well kno}vn DNLS e q u a t i o n .  I t  i s
interesting to observe that this modified DN1,S (13q (l)), besides having additional
two linear terms in B, has variable co-efflcients  for the nonlinear and the dispersive
terms. Because of these complicated variable c~efflcients,  it is not possible to find
an analytical solution to 13q. (1). We have solved this equation numerically by using
Pseudo-Spectral method (Galinsky  et al., 1990). In our numerical scheme, magnetic
field is represented as the Fourier-series in ~ and the radial evcllution  is obtained by
using the predictor - corrector schenle with all linear terms expressed in an implicit
form and the nonlinearity being extrapolated on the predictor stage.

For the numerical solution, we have considered t~vo cases. 1 ) Evolution of
an initial Alfv&  soliton which is the exact solution of the DNLS ecluation  ancl 2)
evolution of an initially circularly polarized wave. For the first case we take

(-1)



with

and

CL$(l–q( v-u).

(;)

(6)

(i’)

Bm,~r in Eq. (4) is the amplitude of the initial soliton normalized to l;O (rO). ;f’e \Youlcl
like to point out that the solution given in EC1. (4) is different than the one we had
used earlier (Verheest  and Buti,1992; Ilada et al., 1990; Mjolhus, 1978). In the soliton
solution (Mjolhus,  1978), there are two arbitrary constants FCo and Vo. We had taken
V. == O and now for F,q. (4) M. has becm taken to be zero. For our reference point,
we take To = R~(R$ being the solar raclius).  The other simulation parameters are :
~ (To) = 0.01. and r. flio / VAO = 106. Fig.1 shows  the variation of }lnl~r / l;O (r)
with the heliocentric distance for different initial conditions. In all the three cases,
we see that the magnetic field fluctuations increase with increasing 7’. This is in
agreement with the observations (Klinglesnlith,1997).  Fig.2a  shows the time evolu-
ticm of the field starting with the soliton amplitude of 0.036 BO(RO == 0.1 AU),
U. = 3.5 V AO and ~ (&) = 0,05. We find that the amplitude goes down as the
wave propagates away from the sun. We also see the steepening of the wave and the
high-frequency radiations on the leading edges. Steepening is found to increase with
the increasing heliospheric  dista]~ces,l’he corresponding spectra for the field fluctua-
tions are shown in Fig.2b. It is ixlter-esting to Ilote the break itl the polver  spectra.
once again in good agreement with the observations (Bavassano  et al.,19S2;  kfarsch
and lu, 1996), we find that the spectral index (cr) increase from 1.6 to 2.6 with an
increase in the radial distance from 0.5-- 0.9 AU. ‘1’he break point moves from high to
low frequencies as r increases.1’hese calculations are repeated for the solar ;vincl  closer
to the sun. The results for the magnetic field fluctuations are shown in Fig.3a  and
the evolution of spectra with heliocentric distance is shown in Fig.3b.  Qualitatively
the evolution closer to the sun is found to be similar to the one between 0.1- 1 .-\V.

For the second case i.e., for the initially circularly polarized

~i~t
B(Ro, t) =: 0.01 [exp -~

4i7rt
+ exp —1

rrl 0 r l;,ar

with Tm,or = 19200 m fl,~l. From Fig.4, we see that the evolution in

case, \ve take

(s)

this case is nluch
slower. High frequency radiations are seen only  for r > 0.9 AU, ‘1’he spectra ( not
sho~vn) also do not evolve into po~ver spectra during the periods cotlsidered.
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Conclusions

Large alx]plituclc  Alfvtin waves propagating radially outward fror[l the sun are gov-
erned by the MD LNLS equation. Numerical solution of this equation shoivs that the
Alfv6n soliton evolves with space and time  and sho~vs features e.g., magnetic field
fluctuations, power spectra, wave steepening, which are in very gcjod agreement with
the observations of Mariner 5, IIelic,s 1,2 and Ulysses, The spectral indices of the
predicted power spectra range between 1.6 -2.6 wheras for the same frequency range
the observed spectral indices, from Mariner 5 as well as Helios 1 and 2 data, range
between 1.2-2.2.

We would like to emphasize that even though we initially start with a coherent
structure like the DNLS soliton,  because of inhomogeneities embedded in our MDXLS
ecluation, it evolves into noncoherent/turbulent  state. This seems to be a good rea-
son for the non-existence of solitons in the solar wind. The complete integrability
property of the DNLS is clearly destroyed by these inhomogeneities. We plan to do
the Painl&e  analysis of the ML)NLS equation to determine its stability properties.
‘Tc) cover the entire @ range for the solar wind, we plan to include the kinetic effects
in our future model.
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Figure Captions

E~ig.1 shows the variation of 13~.= / 110 (r) with the heliocentric distance r / R,. for
3 cases with ,b’ (rO) = 0.01. and r. C?io / VAO = 106. For case 1, B,,,.= = 0.026
BO (TO) and T~.Z = 64000 m fl~l;  case 2, Bn,.= = 0.039 & (rO) and T.,.Z =
64000 n fl~l and case 3, ll~cr = 0.014 BO (rO) and T~.T = 192000 m fl~l,

Fig.2a shows evolution of B / BO (rO) with t for ll~ar (~) = 0.036, RO = 0.1 AU, UO
– 3.5 V AO and @ (To) = 0.05. Curves labelled 1, 2, 3, 4 and 5 correspond to r—
= 0.1 AU, 0.35 AU, 0.,5 AU, 0.7 AU and 0.9 AU.

Fig.2b shows the power spectra for heliospheric  distances 0.5 AU, 0.7 AU and 0.9 AU.
The parameters used are same a-s Fig.2a.

Fig.3a  shows evolution of B / II. (&) with t for Bin.= (~) = 0.014, & = R,, U. =
0.5 V AO and @ (ro) = 0.01. Curves labelled  1, 2, 3, 4 and 5 correspond to r =
1 R,,  3.5 R,, 5 R,, 7 R. and 9 R,.

Fig.3b shows the power spectra for heliospheric  distances 5 R,, 7 R. and 9 R.. The
parameters used are same as fclr k’ig.3a.

Fig.4 shows the evolution of B / B. (}~) with t for initially circularly polarized wave
for heliospheric  distances 0.1 AU, 0.7 AU, 0.9 AU and 1.05 AU. The parameters
used are same as for Fig.2a.
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